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1. Introduction

The Wilson line is a requisite to elucidate the high-energy collision of partons in the eikonal
approximation [[]. Especially in case of scattering between a light projectile and a heavy
target such as the electron-hadron collision, proton-nucleus collision, deuteron-nucleus col-
lision, and also nucleus-nucleus collision in the forward or backward rapidity region due to
small-x evolution, etc, the scattering amplitude is expressed in terms of the Wilson line
representing partons which reside in a light projectile and travel through random color
fields from a heavy target [—[]. It is not the individual particles inside the target but
its surrounding fields that the projectile can probe. Such a description is analogous to the
Weizsacker-Williams approximation in which electron is viewed as equivalent photon. The
notion of non-Abelian analogue of the Weizsacker-Williams field has been well developed,
which is called the Color Glass Condensate (CGC) [f, fl] in the field of high-energy QCD.

The McLerran-Venugopalan (MV) model assumes that the color charge density p is
static (zT-independent), is a function of the transverse x, and longitudinal 2~ coordi-
nates, and distributes randomly at each spatial point. Its magnitude squared |p|? should



be proportional to the transverse density of partons consisting of a heavy target, which
is commonly denoted by x? in the model. One can compute the scattering amplitude
by taking the Gaussian average of Wilson lines embodying the projectile given a cer-
tain p relevant to the experimental condition. Since the explicit form of the non-Abelian
Weizsacker-Williams field is known [fj], the above mentioned is a doable calculation.

In fact, one can find evaluation of the Gaussian average of Wilson lines in literatures [J,
A, @-[0] in different contexts and thus with different color structure, representation, etc.
We here aim to derive more general formulae, which provides us with useful implements
to describe high-energy collisions. The most general form is, as easily anticipated, too
complicated to handle directly once the number of Wilson lines is more than four, as we
will encounter later in this paper. In that case we will attempt to simplify the expression
under the limit of large N. where N, is the number of colors. We will see that a picture of
the color dipoles instead of gluons naturally arises in the large-IN. limit.

Just for clarity of what we will address, we prefer to use the terminology, “scattering
amplitude” to signify the Wilson line correlator. That quantity is, however, not limited
only to the scattering process but would appear in the process of particle production from
the CGC background [f, [0, B, [L1]]. Also, we would mention that the Gaussian average
is not only limited to the MV model but is widely relevant to the CGC formalism with a
Gaussian approximation [[J. Therefore, we believe that the potential application of our

formalism should be ubiquitous in high-energy QCD.

2. Gaussian average of Wilson lines

Our goal is to derive the general expression of the Gaussian average or correlation function
in terms of Wilson lines under random distribution of color source. In a physical terminol-
ogy the correlation function represents the scattering amplitude of a bunch of particles and
antiparticles traveling through random color source in the eikonal approximation. That is,
the specific quantity of our interest in this paper is

<U($1J-)5101U($2J-),32a2 T U(mnl)ﬁnan> ’ (2'1)

where the Greek indices are with respect to color in a certain representation r of the SU(N,)
group. In the MV model the Wilson line is written by the non-Abelian Weizsacker-Williams
field given as a solution of the classical Yang-Mills equation of motion;

+00
U(xy) =Pexp —ng/ de~d?®z) Go(x, —21) palx™, 21 ) t*|, (2.2)

—00

where t%’s are color matrices of the SU(/V,) algebra in the r representation. We denote the
time ordering operator in the = direction by P and the two-dimensional propagator by
Go(x ) which satisfies the Poisson equation,

32

@Go(m) =6 (x,). (2.3)
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Figure 1: Graphical representation of the correlation function in terms of Wilson lines which
corresponds to the scattering amplitude of n-particles traveling through a heavy target with the
random and dense color distribution. Each Wilson line stands for a parton which starts with the
color orientation «; before scattering and ends up with 3; with a fixed transverse position x;; due
to the eikonal approximation.

Figure [ is the schematic picture of the average (R.1) with color indices. The blob part
is the target which provides the random and dense p,(z~, 2 ) from the target, where =~
and x, indicate the spatial point on the transverse (impact-parameter) plane and the
longitudinal extent of the target respectively. It should be noted that =~ is regarded as a
time variable for the projectile. Thus, the Wilson line (P.9) encodes projectile’s multiple
scattering off the CGC along the temporal ~ direction.

It is assumed in the MV model that the average (- --) is accompanied by the Gaussian
weight in terms of p,(x~, @), whose dispersion specifies the typical model scale p in the
standard convention, or in other words, the saturation scale Q)5 related to p up to a loga-
rithmic factor (see eq. (R.11]) for our definition without logarithm) universally characterizes
the hadron wavefunction. As we mentioned before, we will develop our method for the
MV model for example, but the technique is applicable to any CGC calculation with a
Gaussian weight function as adopted in ref. [IJ].

The explicit form of the Gaussian weight is

+oo 2(0—
w(p) = exp [— /_OO dz”dx %ﬂ;_;) . (2.4)

In fact, the random walk in SU(N.) group space leads to the quadratic term [[[J] in the
weight function, and besides, the cubic term [[[4] which is sensitive to Odderon exchange
but is beyond our current scope.

The only necessary ingredient for our calculation in what follows is, as a matter of
fact, the two-point function of p, which is spatially uncorrelated as

(pala™ 2 )pp(y™ Y1) = 0w 6(a” —y ) 6@ (zy —y, ) pP(a7), (2.5)

which contains the equivalent information as the weight function (R.4).

Now we have finished the setup of the MV model, that is, we have explained the
notation and the model definition in a self-contained manner. In the subsequent discussions
we will proceed toward the general expression in the n-particle case step-by-step starting
with the simplest case of one particle.

2.1 Ome-point function; (U(x1)ga)

We aim to make clear our notation (which is the same as ref. [§]) first in a warming-up
exercise though the average of one-point function is not physically relevant. Our treatment
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Figure 2: Contraction of four sources; (a) tadpole type, (b) nesting one, and (c) overlapping one.
Two dots connected by the wavy line are contracted to the same point (time) and only tadpole-type
diagrams remain finite.

and convention are parallel to ref. [§. Here we introduce the Wilson line integrated over a

finite range defined by

Ub ,a |z, ) =Pexp —ig2/ dz=d?*z) Go(xL—21) pa(z, 21) t“] . (2.6)

The limit of a= — —oo and b~ — 400 renders the above the Wilson line as defined in
eq. (B.2). We will expand the finite ranged Wilson line and compute its Gaussian average
using eq. (R.§). The Taylor expansion of time-ordered exponential function leads to

> n b~ 2 21
(UOb™,a |z,)) = Z(—ng)"/HszuGo(acl—zu)/ dzl/ sz---/ dz, x

n=0 i=1 a a a

X<pa1 (Zf’zlL)pGQ (Z;, ZQL) e pan(Z;’ an)> 2 A A (27)

Here we can decompose (- - - ) into all possible contractions in case of the Gaussian average.
Then, only the adjacent contraction making the tadpole diagram as shown in figure f (a)
survives and other contractions as in figures [ (b) and (c) vanish because of the delta-
function in eq. (P.§). Since the tadpole contribution is to be factorized as {pa; Pay * - Pa,, ) =
{Pay Paz){Pas * ** Pa,), We can rewrite eq. (R.7) into a form of the integral equation;

<U(b_’a_|$l)ﬁa =

b 2y
= 6604 + (—i92)2 / dzfd2zu / dZ;dQZQL G0($l—Z1L)G0($l—Z2L) X

a a
X (Par (215 211)Par (25 221)) (£1) 5 (U (2, 07| 1 )yar)

4 b-
= 08q — %Cg(r) 03y /d2zl G%(azl—zl)/ dz 2 () Uz a7 |1 )ya),  (2.8)

a—
where we note that we used faz_l dzy 6(27 —25) = 3 and (t%%)g, = Ca(r)dg, with the
second-order Casimir invariant C3(r) in the r representation. We show the diagrammatic

representation of this integral equation as

- = —----—---- +-<_L

with the tadpole attached at (27, ). We can easily find the solution, that is given by

2N,
NZ 1

<U(b7’a7|$L)ﬁa> = U(biaaikvl)éﬁa = eXp _Qg(biaai) C2(T) L(:C,:C):| 6Bom

(2.9)
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Figure 3: Contractions between different Wilson lines; (a) ladder type and (b) crossing type.
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Figure 4: Typical diagram contributing to the Gaussian average of two Wilson lines.

where we defined

L(z,y) = 94/d2n Go(xyr—21)Go(y, —21), (2.10)
N2 1 [t
21— -\ __ C - 2 —
Qs(b ?a’ ) - 4NC a— dZ lu’ (Z ) (211)

Here we remark that we will simply write Q2 to denote Q2(+00, —oc) in later discussions.
It should be mentioned that L(x,z) does not depend on z in fact because of translational
invariance, and thus we can write it as L(0,0) equivalently. As we will argue later, however,
L(z,y) generally suffers infrared singularity, and the expectation value (2.9) turns out to
be negligible small. This observation intuitively corresponds to the fact that a single quark
or gluon with non-trivial color charge would interact with color charge fluctuations inside
the target at even far distance on the transverse plane. As a result of this long-ranged
interaction (which should be cut off by either the target size or confining scale ~ Aé(ljD),
a quark or gluon is absorbed strongly in multiple scattering.

2.2 Two-point function; (U(11)8,6,U(®21)g0a,)

We shall next consider the two-point function of the Wilson lines. This is, in contrast to
the one-point function, physically relevant if the projectile is a ¢g mesonic or gg glueball-
like state. Not only the tadpole diagrams consisting of figure f| (a) but also the ladder
diagrams structured with the sub-diagram figure f] (a) contribute to the Gaussian average
(see figure [ for typical example). Any diagram containing the crossing sub-diagram as
shown in figure fJ (b) vanishes in the same way as the nesting and overlapping ones displayed
in figure P] We can compute the Gaussian average of two Wilson lines diagrammatically by
combining all the tadpole and ladder subparts up. The Dyson equation we need to solve
is as follows;

The horizontal lines represent (U(b~,a~ |z )) involving all the tadpole contributions. We



can literally convert the above graphical equation into the algebraic equation as

<U(b77af’mll)ﬁlalU(biva7’$2l)520¢2> - (2'12)
— (U @)y, (U a |ean)),,. —

,
g / Az (U™, 27 |211)) 55 (U727 121)) 5,0, By B #2(27) X

X /dziGo(mu—zL)GO(mQL—zLKU(z, a |11 )ya U2, a*|a:u)72a2>

= U(b_, CL_|£E1L) U(b_, a_|:c2l) (561041662042 - L(:Cl, xg) X

x / U a2y g WUE @ na UleT a1 )ra0)
- B1v1 " B2y2 U(Z_,a_‘wll) U(Z_7a_‘w2l) .

We divide the both sides of this integral equation by U(b~,a" |21, ) U(b~,a"|x21) to reach
F($1la x2L|b_a a_)ﬁlﬁg;alag = (213)
-
= 6610’1662012 - L('r17 332) / dzflu2(zf) t%l’yl t%g'ygF($1JJ ZCQL|27, ai)m’yg;alag 9
.

where we defined

<U(b_’ a” |x1L)ﬁ10¢1 U(b_’ a” |$2l)520¢2> )

Ub=,a |z1)U(b~,a |za) (2.14)

F(iﬂu_, 332J_’bia ai)ﬁlﬁ%alcm -

The integral equation (R.14) has an identical structure as eq. (R.§), so that we can solve it
in the same way to find

2N,

N 1tat2 L($1,$2):| . (215)

B1B2;a1a2

F(xll’ T2 |b_’ a_)5152§041042 = €Xp |:_2Q§(b_’ CL_)

In the limit of a= — —oo and b~ — 400, as a result, we can express the Wilson line

average in the following form;

<U(x1L)51041 U($2i)ﬁ2a2 > -

= U(a:u)U(mgl)exp[ P —— N2 tataL(xl,xg)]

B1B2;a1 2

2N,
— exp [_Qg o (2645 L1, m0) + 15 Loy, 1) + 157 L(:Ug,:ﬂg))}
c B1B2;an 02
2N,
:exp[— 2 2 Cl(<ff+t3>2L<o,o>—t%tsrwl,m)ﬂ | (2.16)
c B1B2;a102



where we made use of translational invariance to make a shift L(xz,z) — L(0,0) and defined
I'(z1,22) = 2(L(0,0) — L(x1,22)) which is free from infrared singularity.
Here, let us introduce “Hamiltonian” by

<U(b7’ a7|$1l)ﬁ1a1U(b7’ a7|$2l)52a2> = exp[—(Ho + V)]ﬁ1ﬁ2;a1a2 (2'17)

with the “free” part,

= Qg (8 + 5)°L0,0), (2.18)
and the “interaction” part,
2N,
—Qr = NT - 5T (21, 22). (2.19)

One can readily prove that [Hp, V] = 0 meaning that THoT ! and TVT ! are to become
diagonal simultaneously. Let us consider the decomposition of Hy into irreducible represen-
tations in color space. We see that Hj is proportional to the second-order Casimir operator
(t% +t%)2. In general the irreducible representation is labeled by a set of non-negative in-
tegers m with rank N, — 1, i.e., Dynkin coefficients. The associated second-order Casimir
invariant is expressed as

Nc—1 Nc—1
1 c C
Ca(m) = o [Z n(Ne = n)(Ne + mp)mp +2 > 1(Ne = n)mymy | . (2.20)
¢ ln=1 n>l

For example Cy = 4/3 for the fundamental representation (triplet) of SU(N,. = 3) charac-
terized by m = [1,0] and Cy = 3 for the adjoint representation (octet) characterized by
m = [1,1]. It is obvious from eq. (:20) that Cy(m) is semi-positive and zero only when
m = 0, that is, a singlet. If the color structure of the Wilson line correlator is projected
onto non-singlet states, Hy gives a large suppression factor, which can be seen from

L(z,y) = 94/d2z¢ Go(z1—21)Go(y,—21)

2 2
_ / Lz, / Tl i@i—z)k / Ta iy, 2 L L
(2m)? (2m)? k1al

dkdf | 1
_ 4 ily, —x) |kcosf -
g /(2%)2 ¢ k3

dk 1
ot [ 5 ke~ 9.1, (221)

where Jy(x) is the first-kind Bessel function. When k£ is small (strictly speaking, when
klz, —y,| is small), Jo(klz, —y,|) ~ 1 — (k|lz. — y,|)? hence, the momentum in-
tegration in L(z,y) infraredly diverges. We introduce an infrared cutoff Aqcp to regu-
larize the infrared singularity. Then, we have L(x,y) ~ 1//12QCD and I'(x,y) ~ |x, —
y . ?In(Jz. —y,|Aqep). Therefore, for small Aqep, Ho which is proportional to L(0,0)
should be much larger than V' which is proportional to I'(x,y). The non-singlet part in the
color decomposition is thus accompanied by a large suppression factor, exp|[—(2N./(N2—



1))C2(m)Q2?/ (47TAQCD)] This is a physically reasonable result; the Wilson lines form a
color singlet, and such neutral objects are free from long-ranged color interactions (except
for logarithmic singularity) which should be cut off by the confining scale AééD. Because
Qs (which is ~ GeV order) is typically greater than Agcp ~ fm~! by one order of magni-
tude at least, we do not have to concern non-singlet parts. From now on, accordingly, we
consider only the singlet part of the color structure of the Wilson line product.

2.3 n-point function; <U(a:u)51a1U(acu)52a2 e U(an)Bnan>

Now that we have understood the computational procedure, it is easy to generalize the
formulae to the n-point case. The integral equation can be diagrammatically represented

The R.H.S. consists of all the possible permutations of one ladder bridging over two out

of n Wilson lines. The horizontal lines are (U(b~,a~ |z )) with all the tadpole insertions.
The corresponding equation is

(Ub™,a" |211) 8,0, U™, a7 @21 ) gyay - U(b™ a7 [T01)g0an)

= [[(v@®a i), —942/ dz"p( /dzi Go(zi1—21) Go(xj1—2z1)

=1 i>j Ve
- - a
X H<U(b ) 2 ‘wiJ_)>5k>\k 5)\1’71 T 5)\171’7171 t)\ﬂj 5>\j+1"/j+1 T

: '5)\2'71%'71 timiékiﬂ“ﬂﬂ T 5>\n“{n X
x(U(z7,a7 @11 )0 U(z7, a7 [®20 )ypan - - U@, 27 |Tn 1 )ypam ) - (2.22)

The above integral equation takes a similar form to the case of two-point function in
eq. (B-13), so that we can find the solution in the same way as

(U@11)8101U(®21) 20+ U@ 1) ) = exp[—(Ho + V)] g,-80501--an (2.23)
with
2N, 2N\
_ 2 C a
Hy = Q2 NP (;_ltk> L(0,0), (2.24)
2N, 0.
V = §N2 Z>E] t; t acu,:cﬂ). (2.25)

These expressions are plain generalization of egs. (R.1§) and (R.19). Again, Hy is propor-

tional to the second-order Casimir operator, and after decomposing the color structure into
irreducible representations, we can drop non-singlet parts. What we should do to simplify
the result further is find the singlets out of the direct product of SU(N.) matrices which
make Hg vanishing. For example, in case of the four-point function of Wilson lines in the



adjoint representation with N, = 3 (i.e. four gluon propagation through a dense target),
there are eight independent singlets out of 8 ® 8 ® 8 ® 8. Thus, the Wilson line correlator
can be expressed to be an 8 x 8 matrix of eV in the basis of eight singlets. We will face
with concrete calculations later. In most cases of our interest in physics problems, all we
need to know is expressed in terms of its eigenvalues and eigenstates.

3. Examples

We will elaborate several concrete examples relevant to physical processes. We will identify
the singlet basis to compute the eigenvalue of the color matrix.

3.1 (U(x11)8,0:U*(%21)ps0,) in the fundamental representation

In our formulae (R.1§) and (R.19) we set t§ = T¢ and t§ = —TF* where T{%'s are the
SU(N.) generator in the fundamental representation. This expectation value appears in
one color dipole or ¢g scattering off a dense target. In this case the number of singlet
is only one; N. ® N = 1@ N2 — 1. If we denote the singlet state as |s) then we have
(a1 9|8) = 8y as /v Ne with a proper normalization. The projected element of the necessary

part is

i} Sorosd
o Tofay Do, en,e) =282 = QXD (er,). (3.)
C

(sIVIs) = @ =

Consequently, the singlet part of the two-point function of Wilson lines in the fundamental

representation is

<U(m1L)ﬁ1a1 U* ($2l)ﬁ2a2> = €xXp [_Qg F($1, 562)] 65152 60!1&2 /NC s (3'2)

which means that only the closed color dipole survives under the average over random color
distribution inside a dense gluon medium.

3.2 (U(x11)8,0:U(®21)p,0,) in the general representation

It is possible to extend the previous argument formally. We can reach a more general ex-
pression in arbitrary representation. The direct product of two irreducible representations,
r1 and ro, makes one singlet when 79 is the star representation to ry, that is, ry =175 =,
leading to the generators, t4 = —t%*. In this general case we have (a1a3|s) = 6ayay/Vdr,
where d, is the dimension of r representation, which is given by the Dynkin coefficients m
charactering the irreducible representation r as

Ne¢ 7j—1
d, (m) :H<1+Z m”) (3.3)

—1
i<j —

We can express t{t§ using the Casimir invariant;

15 = 5[0+ 187 — (19 — (8] = 5 [Colr) + Colra)] = ~Colr), (39)



leading to

SNZ_1

(s|Vl]s) =@ Co(r) I'(z1,22) . (3.5)

After all, the generalization of eq. (B.3) takes an expression of

SNZ_1

<U(x1i)51041 U($2l)52a2> = exXp|— CQ(T’) F(xl, 562) 661041 (552a2/dr . (3.6)

3.3 (U(T11)a1p:U (%21 )asps - - U(TN.L)an, sy, ) in the fundamental representation

This expectation value is relevant to the scattering amplitude between a baryon consisting
of N, valence quarks and dense gluon matter inside a heavy hadron. One can find an
example of the baryon expectation value in the context of the Odderon physics [[[4, [LF],
though the Gaussian average can only describe the Pomeron part.

The singlet state with one baryon is (a1 - - - i |8) = €aya9--an, /v/N¢! where €arag-—ay, 19
the antisymmetric tensor with the definition €12..y, = 1. The matrix element (s|T¥{TFj|s)
does not depend on the indices, ¢ and j, that is,

TFa TFa N.+1
a a _ Ba af _ | __'¢
(s| T ij\s> AR (N, —2)! = oN. (3.7)
that yields
1
(sIVls) = Qs 7= > D@, ). (3.8)
1>
The baryon expectation value is thus,
<U(m1l)510{1U($2J-)52a2 U U(:BNCJ_),@NCaNC> =
2 €aran-an, €81 820N,
— exp [_ T > F(:):U_,:cjj_)} N : (3.9)

i>j

When N, gets large, the exponential factor is decreasing in contrast to the meson scattering
in eq. (B.9) that stays unsuppressed for large N.. This is a manifestation of the fact that
baryons would not live as they are in the large-N. limit but mesons would.

3.4 (U(x11)8101U(%21) 300U (31 )3s05) in the adjoint representation

So far, the number of singlet is only one, and the next step we are heading for is to
treat the case with multiple singlets. The simplest and still non-trivial is the three gluon
propagation, in which (N2 — 1) ® (N2 — 1) ® (N2 — 1) includes two singlets composed of
fabe = —2itr([T8, TRITS) and dgpe = 2tr({T¢, TR}TS), where T¢’s represent the SU(N.)
generator in the adjoint representation, as

1
<041042043‘81> = foqozgozg (NC2 — 1)NC )
N
<041042043‘82> = da1a2a3 \/(NCQ — 4)(NCQ — 1) (3.10)

,10,



with a proper normalization. Using the Jacobi identities, fupefede + fadeSoce + face fape = 0
and fopedede + fadedpee + faceddape = 0 we can calculate each matrix element in singlet space
as

C

1
(51| T A]’81> faraBifasapsfarasps f51828 No(NZ=1) 9 7

1

<31’TA? TA?’32> = —fou aﬁ1fa2a52fa1a2ﬁ3d51ﬁ2ﬁ3 (N2 ) N _ 1 =0,

C C
N, N,

So|TA% Ta%|s9) = — d d - =———= (311

(s2|Taj A]’ 2) fa1 a8 fasapadarazBs 8525, (N2 —4)(NZ—1) 9 ( )

which are independent of the indices ¢ and j, and thus the matrix structure is simply
proportional to unity. The projected V is then,

NZ 10
2 c
= I'(x; ; . 12
V=057 D Twiv. 1) (0 1) (3.12)
1>
At last, we get the result,
: : : 1 , N2
(U(@11)100U(21) 0. U (31) 3a5) = NNZo1) S| TY R T > I@i,@)

¢ i>]
Ne
X\ farazas [818285 + N2_4da1a2a3dﬁ1ﬁ2ﬁ3 :
C

Roughly speaking, three gluons can make two kinds of color singlet glueballs and they
do not mix together due to different symmetry. The first and second terms in the curly
parenthesis are contributions from those glueball states respectively.

3.5 (U(x11)810: U (®21) 8200 U (%31 ) 8305 U* (%41 ) 104) in the fundamental representa-
tion

The next non-trivial example is the four-point Wilson lines in the fundamental representa-

tion. This problem reduces to the irreducible decomposition of N, ® NF ® N, ® NZ, which

contains two normalized singlets;

1
<041042(X3a4‘81> - F 50{10{250430447

C
1 1
<041042CY3C¥4|82> = \/ﬁ <5a1a4(5a2a3 — ﬁc 60410426043044) s (313)

leading to the projected matrix elements of

2N, . .
V=-Q: NE = 1 <—TF'f T (11, 21 )+ Tr] Teg I'(@1 1, @31 ) —Tr{ Trg" (@11, @41)
C
—T%5" Tr3 I'(2or, 231 ) + T¥5" Ty I'(2or, ®41) — Tr3 Try™ (31, CC4¢)> ;o (3.14)
given by
N2 -1 N2 —1
<V11 V12> — Q2 2Ne N, Ne #=2) (3.15)
Vor Vao ) TP NZ—-1|/N2-1 1 T
21 Va2 é Ve T (3-a) —<7—25+(2—N3)0¢)
N N¢

— 11 —



where we defined with slight modification from ref. [

2a = I'(x11,®41) + (221, ®31),
20 =TI'(x11,x31) + I'(x21,41), (3.16)
2y =I'(x11,x21) + ['(®31,241),

which are free from infrared singularity. In order to calculate the matrix element of

exp(—V'), we need to diagonalize V whose eigenvalues are given as the solution of the
characteristic equation det[A — V] = 0, which gives us two eigenvalues,

1
At = 5(tﬂ/ + ) (3.17)

with

2
o= VIV 2V = QP 1\/<a SRt amBoa)E ) (318)

C

in our notation. The eigenstates are

w, = C'OSH , u - —siné , (3.19)
sin 0 cos 6

with o1
tanf = ————12 . 3.20
Vit —Vaa+ ¢ (3:20)
Using the unitary matrix 7' = (u4 u_) we can diagonalize exp(—V') to have
At
eerey )
0 e~
1o g
1
_ e_itrvT <e N ) T—l
0 e2?¥
“luy [coship— (cos? 0 — sin? ) sinh ¢ —2cos fsinfsinh 1o
=e
—2cos @ sinfsinh 1 cosh L + (cos? § — sin? §) sinh ¢
inh 1 - 2
— e 2tV cosh 1o — sinh 3¢ (Vi = Va2 Viz . (3.21)
2Vis =V + Vo

We can find one direct application of this example in the quark production from the
CGC background in the p-A collision [{], in which the necessary quantity is

(tr{U (1) TE U (@21 ) U3 ) TE U (m41) }) = (3.22)
= TF%lﬁQTF%3ﬁ45a2Oé3 5044041 <U($1J_)alﬁ1 U*(:B?J-)aQﬁzU(mM_)asﬁs U*($4J-)04454> :

The color structure in Tr% 5,775, 3,002050040, 18 to be expressed in terms of the singlet
basis of eq. (B.13) as follows;

Tv 3,6, T¥ 3,0, O3 Oasan = (3.23)

INT
= %(51ﬁ25354’32> <\/ N2 — 1(so|anapazay) + <31]a1a2a3a4>> .

- 12 —



Thus we immediately conclude

(r{U(@11) TEU N (220) Ulzs 1) T UM (@a1) }) = (3.24)
= 2 (e o + e ol 1))
- % emztrV [cosh lo— sinh 3¢ (V22 Vi + ﬁ‘/mﬂ
_ % -Q? NI 1[ (a+’y)+ng(a+wfﬁ)] [cosh1<p+ ?pz ]\iév—gl( «) sinhi }

In order to compare this result to eq. (86) in ref. [d], we note that Q = (N2 —1)/(4N. )%
and ¢ = 1 Nep?|a — y|V/A if written with the notation of ref. [J]. Then, our result (8.29)
turns out to agree exactly with ref. [f].

3.6 (U(11)p,00U(%91) pr0s U (%31 ) 305U (41 ) gsas) in the adjoint representation

This quantity is, literally speaking, the four-gluon scattering amplitude. Also, in the
calculation of two-gluon production from the CGC background [L1], we have to evaluate
tr{f] TR uto TR U T} in the adjoint representation. There are eight singlets [[[§] given by
combinations of the following bases;

dar02Y dasoay donasy qozaay (3.25)
[65Ke% a3Q. (e Ke% [6%X0% (o5 Ke% a2t
d12’Yf34’Y, d13’Yf24’Y’ d14’Yf23’Y_

These states are not orthogonal, and it is very hard to obtain the eigenvalues and eigenstates
of an 8 x 8 matrix V to compute eV, In the next section, we will develop an approximation
to simplify the calculation.

4. Large-N, limit

It is possible to construct any higher-dimensional representation from the direct product
of the fundamental (and anti-fundamental) representation. A well-known example is the
adjoint representation whose matrix representation can be given in terms of the fundamen-
tal Wilson lines as 2tr[U(z ) t°UT(x, ) t*] where a and 3 run from one to N2 — 1. Here
we shall consider the arbitrary product of U’s in a general way in the large-IN. limit. As
usual, then, among color singlets, the baryon operator is dropped and only the meson-type
operators remain non-vanishing, as we have seen before. That is, we shall focus on the
singlets out of N @ NI ® --- ® N, @ NJ.

The Gaussian average of our interest is

<H U(wu-)ﬁiaiU* (yii)gi@i> = exp [_(HO + V)] B151++BnBrior &1 andn (4'1)
=1
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where we can write

2N, " ’
Ho = Q2 5= L(0,0) | 3 (T = Tv{) | (4.2)
¢ i=1
n
V=-Q: N2 {Z[TF? Te§ (w1, @j1) + Tri™ Tr§" F(?Jii??in)] - (4.3)
i>j

n
- Tef Ted F(ﬁcu,yﬂ)},

ij=1
before taking the limit of large N.. The second-order Casimir operator in Hy is

n 2

> (Tee—Te§")

i=1

n n
= (TeP?+Ted**)+2 > (Tei T} +Tef Te)—2 Z TpiTe¥" . (4.4)
i=1 i>j ,j=1

The first term of R.H.S. in eq. (f.4) is just the Casimir operator and thus proportional to

a unit matrix,
n

D (Tef? + Tef*?) = 2n—S—
i=1

in the large-N. limit. Next, let us check that the second term of R.H.S. in eq. (.4) leads
to only O(1) contributions. A well-known formula reads

1 1 3 <
TFBZQ'L TFB] (6610’] 66J041 - N 66104166J04j> 5 <3Z+\60(z) ' (46)
c P —

This cannot make a loop with any singlet state; a loop formed with «;-8; and o;-8;

N2 -1

N — niNg, (4.5)

connected is not a singlet with respect to o;’s or 3;’s which should be accompanied by a
huge suppression factor in the infrared sector. This is why the second term is only negligible
in the large- N, limit. The last term of R.H.S. in eq. (.4) has O(NN,) contributions as seen
from

1

* 1 1 on (e
_TF%iOCi TF%jdj ~— 9 <55i316ai5‘j - ﬁcéﬁiai(;@o?j) - D) <§Jl:> (__)(:@l.) ;o (47)
that can make a loop like
N¢ /8;
TFB o F,@ 6%@2 - —_( ; ) @) = —7(3j )) . (4.8)

From eqgs. ([L5) and ([£.§), we can find the color bases on which Hy vanishes. There are n!
relevant singlets given by all the permutations of 04,4, - - - oy a,, » 1-€-

1
(1 03 01 Buls) = —— By, B (49)
C
where (p1,...,pp) is the permutation of (1,...,n) labeled by p which runs from one to n!.

Here we remark that we can relax large N, for eq. (.9) being a singlet, though we derived
it in the large-N. limit.



It is easy to evaluate V in this basis because the color matrix structure of V' is quite
similar to Hy at large N.. So that, we have

Visp) = -7 TR Ted T(@ir, y;0)lsp) — Q2 Y I(@is,yp,1)lsp) - (4.10)
€ =1 i=1

where we used eq. (f.§). We finally arrive at the expression of the Gaussian averaged
Wilson loops in the large- N, limit as follows;

<I | U($ll)ﬁzazU*(yll)BZ@Z> z : | | 60{20{1’ 6,57,617 exp Qs ZF(:UjL,yij_)
i=1 Ne! {p}=1i=1 j=1
(4.11)

We shall apply our formula ([L.11)) for evaluation of the expectation value of the dipole
operator defined by

D, ,y,) = Ni V(@)U (y,)] = Nicaﬁﬁ 0 U 1) 50U (41 ) 30 (4.12)

The scattering amplitude of the light projectile with n color dipoles is written as

(IIP@:1,yin)) = exp [—@2 > I, ym] . (4.13)
=1 i=1

It should be mentioned that, when y,;, — ;) , the exponential factor becomes one with
I'(x;1,y;, — x;1) — 0, meaning color transparency.

We shall next compute the n-point Wilson line correlator in the adjoint representation,
which is as easy as

n n
<HU x"J— b az> = 2nHTF%Z@TF?Z@<U(miL)ﬁ¢a¢U*(mil)Bi5¢¢>

n
_ 2nZHTFBB Tpli o Nn Secit; 05,5, expl Q§ZF(ij,xpjl)]

{p} i=1 j=1
n

-9 CEREETIN V) LW BT
e {p} i=1 ' j=1

Finally, we make a comment on the calculation of two-gluon production from the CGC
background. In such a case, unfortunately, the leading-N. order of tr{U TX(] tU TXU T} is
just vanishing and the sub-leading order is necessary. We will report details elsewhere [[L]].

5. Summary

We have derived the general formula to compute the correlation function of Wilson lines
in the random distribution of color source, i.e. in the McLerran-Venugopalan model. We
emphasize that our technique is to be applicable whenever the CGC weight function is
approximated as a Gaussian. Our formula would be quite useful in calculations not only

,15,



of the scattering amplitude but also of the particle production from the CGC background.
The correlation function or the scattering amplitude is strongly suppressed if the color
non-singlet irreducible representation of the n-particle initial or final state is involved.
Hence, we only have to consider the singlet part of the color structure associated with the
Wilson line product in order to evaluate the correlation function. After all, the problem of
evaluation of the correlation function is simply reduced to diagonalization of a color matrix
using singlet bases. We have explicitly written the two-point function down in the general
representation, the three-point function in the fundamental representation corresponding
to baryon’s scattering off the CGC background, in the adjoint representation as well, and
the four-point function in the fundamental and anti-fundamental representation which is
related to the g production from the CGC background.

The larger number of Wilson lines, n, is involved in the Gaussian average, the more
difficult it is to find the singlets and to diagonalize the color matrix. As a matter of fact, the
number of the singlet states increases exponentially with increasing n, although our method
is powerful enough to implement also in numerical computations in such an intricate case.
Instead of that, we took advantage of simplifying the expressions in the large-NN. limit. We
have derived the explicit formula with arbitrary number of Wilson lines in the fundamental
representation at large N, from which, in principle, any representation can be constructed.
For the phenomenological application, we plan to address our calculation of the two-gluon
production from the CGC background in another publication [[I] where we will discuss
the forward-backward rapidity correlation with respect to the hadron multiplicity in the
collision.
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